Abstract-We analyze an uplink of a fast flat fading MIMO-CDMA channel in the case where the data symbol vector for each user follows an arbitrary distribution. The maximum spectral efficiency of the channel with CSI at the receiver is evaluated analytically with the replica method. The main result is that the hierarchical decoupling principle holds in the MIMO-CDMA channel, i.e., the MIMO-CDMA channel is decoupled into a bank of single-user MIMO channels in the many-user limit, and each single-user MIMO channel is further decoupled into a bank of scalar Gaussian channels in the many-antenna limit for a fading model with a limited number of scatterers.
I. INTRODUCTION Direct-sequence spread-spectrum code-division multiple access (CDMA) has been utilized as a multiple access scheme in wireless communication. As a method of overcoming the capacity bottleneck in future wireless communication, multipleinput multiple-output (MIMO) systems have attracted so much attention since the latter half of the 1990s [1] . Recently, MIMO systems with CDMA technology (MIMO-CDMA) have been studied [2] , [3] .
On the assumption of Gaussian data modulation Mantravadi et al. [2] evaluated the asymptotic spectral efficiency of a MIMO-CDMA channel with a linear detector front end using random matrix theory. However, other data modulation schemes such as quadrature phase shift keying (QPSK) modulation, or more generally, M-quadrature amplitude modulation (M-QAM) are commonly employed in practice. Thus, it is important to analyze the MIMO-CDMA channel with a modulation of the kind. The purpose of our study is to evaluate the maximum spectral efficiency of the MIMO-CDMA channel in the case where the data symbol vector for each user follows an arbitrary distribution.
It was reported [4] that the maximum spectral efficiency of a CDMA channel with binary phase shift keying modulation can be evaluated with the so-called replica method. Rigorous justification for the replica method is still pending but the method was also applied to the performance evaluation of MIMO systems [5] , [6] , [7] . Guo et al. [8] analyzed a CDMA channel in the case where the data symbol for each user follows an arbitrary distribution and claimed that the decoupling principle, which in the case of Gaussian data modulation has already been proved [9] , [10], holds in an asymptotic limit, i.e., the CDMA channel is decoupled into a bank of Toshiyuki Tanaka   Graduate School of Informatics Kyoto University Kyoto, Japan tt@i.kyoto-u.ac.jp scalar Gaussian channels. This principle makes possible the analytical evaluation of the maximum spectral efficiency since the degree of freedom drastically decreases. However, it is not still clear except special cases [2] whether or not the decoupling principle holds in the MIMO-CDMA channel.
In this paper, we claim that the decoupling principle holds in the MIMO-CDMA channel and evaluate the maximum spectral efficiency of the channel using the replica method. (1), we first discuss the many-user limit, where the number of users K and the spreading factor L tend to infinity with their ratio
II. MODEL
The following claim is one of our main results. Since their proofs are based on the replica method the results are referred to as claims. The proof of the following claim is summarized in the next section. In this paper we assume that 1) the replica trick is valid and that 2) the replica symmetry holds.
Claim 1: For arbitrary statistics of each channel matrix Hk, in the many-user limit the maximum spectral efficiency, i.e., the maximum sum rate per chip and per transmit antenna is given by
where ,u is the ratio of the average number of transmit 
(4) R is a solution of the following fixed-point equation:
where (xk )MIMO1 = E [Xk j Hk] represents the posterior mean of xk on the MIMO channel (4). In the case where there exist multiple solutions of (5), one should choose the solution achieving the solution minimizing (3).
Equation (5) is the extension of the Tse-Hanly equation [9] to the case of the MIMO-CDMA channel. Claim 1 implies that the MIMO-CDMA channel is decoupled into a bank of single-user MIMO channels in the many-user limit. More precisely, the following is claimed. The proof based on the replica method is omitted. 
where Ek is an Sk-by-Mk steering matrix which describes the propagation from the transmit antennas of the kth user to Sk scattering objects between the kth user and the receiver, where Ak = diag(A, .. ., Ask ) is an Sk-by-Sk diagonal matrix which accounts for attenuation at the scattering objects between the kth user and the receiver, and where J.k is an Sby-N steering matrix which describes the propagation from the scattering objects to the receive antennas of the receiver.
We assume that the elements of J.k and Ek are i. Xmk )MIMO-CDMA conditioned on S and 7-is not dependent on realizations of S and 7-in the many-user limit and in the many-antenna limit, CAWGN is equal to the spectral efficiency of the MIMO-CDMA channel with the MMSE detector. Claim 2 and Claim 5 indicate that the MIMO channel (4) with the MMSE detector front end is decoupled into the bank of scalar Gaussian channels with the MMSE detector front ends in the many-antenna limit even if the number of the scatterers is limited.
We need evaluate (6) and (1 1 
where W is a solution of (10) Proof: In the -yk -> 0 limit with ,Uk = Pkk fixed, (14) reduces to ((k)2 = ((k)2. Expanding (18) 
where E is defined as (1+ _)-eu (1 + u)Iu -U euu N, (32) where eu is the u-dimensional vector whose elements are all one and X represents the Kronecker product.
With a Hermitian matrix Q we define the moment generating function of the data symbols of the kth user as
where Xk represents {Xo; mk = 1,.. ,Mk, a = O, ..., u}.
Since Q satisfies the large deviation principle, with the saddle point method, (30) is evaluated as
where the rate function J(u) (Q) is given by (34) Differentiating (34) and (35) with respect to Q and Q, respectively, we obtain the following equations giving extrema of (34) and (35) 
Differentiating (34) with respect to u and substituting (36) to it, we can evaluate (25) as
To evaluate the solution of (36) and (37) in the u -> 0 limit analytically we assume that the replica symmetry holds, i.e., 
It is straightforward to confirm that RO, R are positive definite.
We move on to calculating the moment generating function (33). RO can be decomposed into the product of two nonsingular matrices, i.e., RO = A/R0)A/R . From (41) where ek is defined as (6). Note that £k is averaged with respect to Hk due to the law of large numbers. Substituting (49) to (42) and (43), we obtain the fixed-point equation (5).
Calculating G(u)(QS), j(u)(QS) and differentiating them with respect to u, we can evaluate F as (50) Substituting (50) to (21), we obtain (3). In the case where there exist multiple solutions of (5), one should choose the solution achieving the supremum of (34) in a neighborhood of u = 0, i.e., the solution minimizing (50). Fig. 2 . Maximum Spectral efficiency of the MIMO-CDMA channel for QPSK data modulation versus -y. ,t = 1.0 and SNR = 10 dB. The maximum spectral efficiency coincides with the maximum spectral efficiency of the i.i.d.
Rayleigh fading MIMO-CDMA channel in the ry -O 0 limit.
efficiency due to the decrease of scatterers is shown in Fig. 2 . In this case, an interesting observation is that the maximum spectral efficiency does not degrade so much compared with the rich scattered environment ('y -> 0) even when the number of scatterers is comparable with the number of the antennas.
VI. CONCLUSION We evaluated the maximum spectral efficiency of the uplink of the MIMO-CDMA channel using the replica method. The main result is that the hierarchical decoupling principle holds in the MIMO-CDMA channel, i.e., the MIMO-CDMA channel is decoupled into the bank of single-user MIMO channels in the many-user limit. The resulting single-user MIMO channel is further decoupled into the bank of scalar Gaussian channels in the many-antenna limit for the fading model with a limited number of scatterers. We found numerically that the maximum spectral efficiency of the MIMO-CDMA channel with QPSK data modulation is very close to the capacity but there exists a large gap between the spectral efficiency of the MMSE detector and the capacity in a highly loaded system. Our result can be straightforwardly applied to MIMO systems with the multi-carrier CDMA scheme. 
